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Abstract

The main purpose of my Ph.D. studies was to analyze scaling properties in physiological data
and to study interrelations between physiological signals of the autonomic nervous system during sleep, as well as between signals of the neuromotor system during gait.
A systematic study of sleep data derived from 112 healthy subjects suggests an alternating
influence of the brain upon the interrelations between the cardio and the respiratory system.
In particular we demonstrated that the weak coupling between heartbeat and breathing, measured by cardio-respiratory synchronization, is disturbed during rapid-eye-movement (REM)
sleep when higher brain regions show increased activity. On the other hand, during non-REM
sleep when the brain is less active, we could show that cardio-respiratory synchronization is
significantly enhanced.
In order to gain insight into the mechanism of cardio-respiratory coupling, we investigated
the distribution of different synchronization patterns and their variation across sleep stages
and with age. A comparison of synchronization patterns detected in the real signals with synchronization patterns found in surrogate data revealed that only n : 1 synchronization (i.e. n
heartbeats synchronize with one breathing cycle) is effective. This observation provides an
elegant way to conclude that cardio-respiratory coupling is mainly based on an unilateral interaction of the respiratory oscillator upon the heartbeat oscillator and not vice versa.
In another study, the gait force profile data of patients in different stages of Parkinson’s disease (PD) and healthy elderly subjects were investigated. We found that long-term correlations
in gait timing are significantly reduced for patients with advanced PD and de novo PD (i.e.
PD in an early stage where patients were not treated yet) compared to the healthy controls.
Surprisingly, long-term correlations in time series characterizing morphological changes in the
force profiles were relatively weak for treated PD patients and healthy controls, while they were
significantly larger for de novo PD patients. One possible explanation for this behavior is that
long-term usage of anti-parkinsonian medication attenuates fluctuations in the morphology of
gait force profiles, but not fluctuations in gait cycle timing.
In summary, the results obtained in this research are important to better understand patho5

logical and physiological mechanisms influencing neuromotor control and the autonomic nervous
system. The present research led to the discovery of a new physiological phenomenon, namely
that cardio-respiratory coupling is significantly effected by different sleep stages. Furthermore,
it is an important step on the way to a novel method which detects early changes from normal
to parkinsonian gait.
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2

Introduction

Statistical physics plays a central role in investigating and describing macroscopic systems.
Obviously, due to the complexity of such systems and their very high degrees of freedom, it
is impossible to study macroscopic systems by a set of differential equations focusing on the
motion of each constituent. On the other hand, the macroscopic quantities, which we are interested in, do not depend on the motions of individual particles. Instead, these quantities are
governed by the average motions of all particles in the system. One way to gain insight into
statistical properties of complex macroscopic systems is to analyze sequences of time observations. These time series, which represent consecutive measurements taken at equally spaced
time intervals, describe the evolution of the system over time and allow the description of
many phenomena especially in the thermodynamics of phase transitions. Another application
where time series analysis is used, is to investigate complex biological processes and systems.
In recent years, physiological systems under regulation of the autonomous nervous system (e.g.
the heart) and under control of the neuromotor system (e.g. the limbs during movement and
locomotion) were recognized as good models of complex systems. This is since, (i) physiological
systems often include multiple components, thus leading to very high degrees of freedom, and
(ii) physiological systems are usually driven by competing forces, e.g. parasympathetic versus
sympathetic stimuli, extensor versus flexor etc. Therefore, it seems reasonable that physiological systems under neural regulation may exhibit temporal structures which are similar, under
certain conditions, to those found in physical systems. Indeed, new conceptual frameworks
and corresponding methodologies that originated in statistical physics are showing promise as
useful tools for quantitative analysis of complex physiological systems.
Traditionally, physiological systems are considered as operating according to the classical
principle of homeostasis, which postulates that a system returns to equilibrium after perturbation and that linear causality controls the pathways of physiological interaction [18, 33, 82].
Such classical systems are often characterized by a single dominant time scale which is related to
the time interval the system needs to reach equilibrium after perturbation. In the last decade,
however, empirical observations have shown that even under healthy basal conditions, physiologic systems exhibit “noisy” fluctuations, i.e. point to point deviations from a local average,
with self-similar (fractal) organization over multiple time scales [4, 34, 35, 38, 44], resembling the
7

scale-invariant patterns found in the fluctuations of physical systems away from equilibrium.
Since fluctuations are traditionally ignored in physiological and clinical studies, which are usually based on averaged quantities, the question was raised whether, (a) physiologic fluctuations
simply reflect the fact that physiological systems are being constantly perturbed by external
and intrinsic noise, or (b) do they contain useful, “hidden” information about the underlying
control mechanisms and the interaction between physiological systems.
So far, previous studies have supported hypothesis (b), showing that physiological dynamics can be considered as an integrative result of a system or network of nonlinear feedback
interactions [12, 36, 55]. As observed in modeled data, such systems never settle down to constant output, but rather exhibit complex scale-invariant fluctuations [15, 49, 76] similar to those
found in physiologic data. Furthermore, it has been demonstrated that these fluctuations are
characterized by the absence of a typical dominant time scale, and that they exhibit scale-free
power-law behavior over a broad range of scales [77].
The results of the present Ph.D.-project further support hypothesis (b) by showing that also
the fluctuations arising from interrelations between physiological systems are carrying essential
information about underlying physiological control mechanisms. A main topic of the project
was the investigation of interrelations between the brain and other physiological systems. In
particular, we could demonstrate that the coupling between heartbeat and breathing is very
sensitive to the sleep stages, and hence to autonomous control mechanisms of the brain [6].
Our assumption that the increased activity of higher brain regions during rapid-eye-movement
(REM) sleep influences directly other physiological systems was tested by constructing physiological networks of polysomnographic data in different sleep stages [11]. Brain activity was
thereby measured by electroencephalography (EEG) and, indeed, preliminary results show a
clear difference in the network links associated with a coupling between the brain and the cardiorespiratory system. While in non-REM sleep there is no link between the cardio-respiratory
system and EEG, the connection becomes evident in REM sleep. This finding supports a
conjecture made earlier after analyzing separately heartbeat [16] and breathing data [68] in different sleep stages. In these works, a different correlation behavior of heartbeat and breathing
intervals in different sleep stages led to the conclusion that the coupling strength between the
cardio-respiratory system and the brain changes across sleep stages.
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3

Theoretical Background and Previous Studies

An often observed phenomenon in physiological time series is the fact that their elements are
correlated with each other over many time scales. This behavior was found to be very useful,
for instance in distinguishing heart failure from normal subjects. By applying Detrended Fluctuation Analysis (DFA), an advanced method from statistical physics to quantify correlations in
nonstationary time series (see Section 5.1.3), it has been shown that under normal conditions,
beat-to-beat time interval fluctuations in heartbeat time series exhibit long-range power-law
correlations over time scales from seconds to many hours [37, 57, 58]. Such robust scaling indicates the presence of a self-similar (fractal) hierarchical organization in heartbeat fluctuations
and can not be explained by the classical principle of homeostasis. In contrast, heartbeat time
series from patients with congestive heart failure show a breakdown of this long-range correlation behavior [4, 5, 29, 34, 35, 57] suggesting a direct link between the observed scaling features
and the underlying intrinsic mechanism of cardiac regulation. Determining the correlation behavior of heart rate time series by means of DFA is also useful to study physiologic transitions
of cardiac dynamics from rest to intense exercise [43], from wake to sleep [37], or across different
sleep stages [16]. While, for example, long-range correlations are present in heartbeat intervals
measured during rapid eye movement (REM) sleep, the data are uncorrelated during non-REM
sleep [16, 39]. In the past decade, the DFA-method was also intensively used to analyze correlation properties in human gait [26, 27], and it has been demonstrated that there are reduced
stride-to-stride time interval correlations in elderly subjects and patients with Huntington’s
disease. In addition there is a suggestion that gait data derived during “freezing-of-gait”, a
phenomenon that is common among patients with advanced Parkinson’s disease (PD), are not
random and show a fairly organized pattern.
A different way to analyze time series is to look for (multi-) fractal properties of the signal. One can do this by applying the Wavelet Transform Modulus Maxima (WTMM) method
(see Section 5.1.5). Using the WTMM method has shown that heartbeat interval time series
from healthy individuals and heart failure patients clearly differ in their scaling exponents [3].
Further work revealed that interbeat interval time series from healthy subjects and heart failure patients have a completely different fractal behavior: while interbeat interval time series
from healthy subjects show multifractal properties, the loss of multifractality is an indication
9

of congestive heart failure [35]. Multifractal analysis was also applied on data measuring human balance, gait and posture. Recent work, where wavelet-based multifractal methods were
employed to center of pressure traces of healthy subjects and patients with PD, has shown
that the multifractal spectra for PD patients are narrower as compared to the healthy group,
suggesting a reduction in complexity of the underlying control mechanisms in the neuromotor
system [50]. Studying the multifractal spectra of human posture data further disclosed that
the dominant fractal exponent becomes smaller and the range of fractal exponents strongly
narrows if balance control inputs, such as visual cues or tactile information are reduced [75].
In addition to correlation and fractal properties, characteristic frequencies in time series are
very important. In nonstationary signals, however, where the component frequencies change
over time, it is of particular interest when certain frequencies occur. The most popular method
of detecting frequencies – the Fourier transform – fails to provide this information. This is
because Fourier transform averages the key features of a time-varying signal over the entire
length of the signal and thus fine details are lost. As explained in, for example [2, 13, 19], this
information can be found by applying wavelet analysis (see Section 5.1.4).
In case of human heartbeat interval time series, the standard deviation of wavelet coefficients,
σwav (s), is especially interesting and has been shown to provide an exact discrimination between
normal and heart failure subjects [80]. Particularly noteworthy is the fact that this separation
was found on wavelet scales s = 24 − 25 corresponding to a frequency interval of 0.04 − 0.09
Hz. This interval is part of the Low-Frequency-Band (LF-Band) which shows balance and disturbance of the autonomic nervous system [1].
The above mentioned research and methods were focusing on single physiological signals.
To study dependencies in the dynamics between two or more physiological signals, two different
methods can be applied. One of these methods is built upon the study of the cross-correlations
and essentially compares the amplitude records. Another method provides an alternative way
and is based on the phase synchronization approach.
Cross-correlation Analysis is a widely used method to study interrelations between two time
series and to estimate time delays in biological systems (see e.g. [52]). The method of Phase
Synchronization Analysis (PSA) (see Section 5.2.3) was recently elaborated within the theory
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of weakly coupled chaotic oscillators [61, 66]. A known effect in these multi-component systems
is the entrainment of phases between their components. Phase Synchronization Analysis is
especially useful when the mechanisms which connect the components’ dynamics are not clear.
Revealing phenomena such as synchronized phases, phase locking or fixed time delays between
physiological signals can supply rich and useful information about the underlying dynamics. By
using PSA, it has been demonstrated that, in contrast to the common view among experts [23],
phase synchronization between heartbeat and respiration exists [72]. This phenomenon, which
was first found in athletes [71, 72], suggests a weak coupling between the heartbeat and the
breathing oscillator, and is already present in infants [51, 65] but also in patients after heart
transplantation [81]. Another application of PSA led to the identification of a group of neurons
oscillating in close synchronization with the observed tremor in Parkinson’s disease [79], a
discovery which may be used to develop a novel treatment for this condition.
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4

Summary and Significance of the Present Research

In Section 3 was shown that most of the past research was done on data series derived from
time events in single physiological signals (for example interbeat intervals in human electrocardiograms (ECGs) or stride-to-stride time intervals in human gait). The present Ph.D.-project
evaluated the importance of morphological information, especially the shape of force profiles
in human gait. The other main objective of this study was the investigation of interrelations
between physiological signals. A matter of particular interest was here the influence of the
brain upon the coupling between heartbeat and respiration in different sleep stages of healthy
subjects.
In the first part of my Ph.D. studies, several recently suggested methods for the detection
of long-range correlations were examined to provide a theoretical basis for further research on
physiological data. As it is well-known, techniques based on random walk theory are superior to
the traditionally used (auto-) correlation function when quantifying correlations and memory
in time series. However, the intrinsic correlations and fluctuations we are interested in, have
to be well distinguished from non-stationarities (i.e. varying mean and standard deviation)
and trends, which often appear in experimental data. Therefore, detrending of data is a very
important step in time series analysis and several approaches have been introduced to cope
with this task.
In our work [10], we evaluate different detrending techniques based, for instance, on empirical mode decomposition, singular value decomposition or different digital high-pass filters.
Moreover, we present a detailed comparison between the well-established Detrended Fluctuation
Analysis (DFA) and two other prominent detrending methods: the Centered Moving Average
(CMA) Method and a Modified Detrended Fluctuation Analysis (MDFA). We find that CMA is
performing equivalently as DFA in long data with weak trends but is superior to DFA in short
data with weak trends. This important finding was used in later studies of human gait (see
below). When comparing standard DFA to MDFA we observe that DFA performs slightly better in almost all examples we studied. We also discuss how several types of trends affect these
methods. For example, in case of weak trends in the data, the new methods are comparable
with DFA. However, if the functional form of the trend is not a-priori known, DFA remains the
method of choice. Only a comparison of DFA results, using different detrending polynomials,
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yields full recognition of the trends. A comparison with independent methods is recommended
for proving long-range correlations.
As this work was assisting us choosing the appropriate methods and avoiding pitfalls during
analyzes of physiological records, we believe that our article is a good review and guideline to
other researchers who study long-range correlations in physiological data.
Based on the theoretical studies presented in [10], DFA, CMA and a corrected version of
DFA were applied to gait data from 29 patients with advanced Parkinson’s disease (PD), 13
subjects with de novo PD (i.e. PD patients, who were not treated yet with medication) and 24
healthy elderly subjects [8].
To study the data of each subject and each leg, we generated two different time series. First
we used the series of time differences between two consecutive heel-strikes of one leg to define
stride-to-stride time intervals. These series do not contain any information about the shape of
the force profiles during stance time. Therefore, we extracted a second time series from the
morphology of the gait force profiles in order to study their fluctuations over time.
We find that long-term correlations in gait timing (as expressed by the series of interstride
intervals) are significantly reduced for PD patients and de novo PD patients compared to
age-matched healthy controls. Surprisingly, long-term correlations of the series characterizing
morphological changes in gait force profiles are relatively weak for treated PD patients and
healthy controls, while they are significantly larger for de novo PD patients. We argue that
this may be due to the long-term usage of anti-parkinsonian medication which attenuates
fluctuations in the morphology of gait force profiles, but not fluctuations in gait cycle timing.
The presented study also confirms that long-term gait variability in the timing of consecutive
gait cycles is a marker for Parkinsonian gait. Another important outcome of our research
is that timing and morphology of recordings obtained from a complex system can contain
complementary information (see also [5] for a similar study on ECG recordings).
In order to quantify bilateral coordination between both legs during walking, we developed
a new phase synchronization algorithm for human gait [8] (see also Section 5.2.2). When studying phase synchronization between right and left leg during walking, we demonstrate that both
types of PD patients walk less synchronized compared to the group of healthy elderly subjects. We also show that performing different walking tasks (e.g. turns, slow walking) reduces
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bilateral coordination between the right and the left leg [9]. These findings are of particular
importance to gain insight into gait synchronization and its relation to the “freezing-of-gait”
phenomenon, a very delimiting phenomenon common among patients with advanced Parkinson’s disease which occurs especially after turns or changes in walking direction or velocity.
The main part of my Ph.D. studies was, however, the analysis of interrelations between
physiological signals. By studying phase synchronization in polysomnographic data of healthy
subjects we found Experimental evidence for phase synchronization transitions in the human
cardio-respiratory system [6].
Firstly we developed an automated phase synchronization detector, which quantifies the
degree and type of synchronization of two physiological signals. The technique is based on
the automated study of cardio-respiratory synchrograms (see Section 5.2.3). We employed this
procedure for screening the synchrograms of 112 healthy subjects studying the frequency and
the distribution of synchronization episodes under different well-defined physiological conditions
that occur during sleep.
We find that phase synchronization between heartbeat and breathing is significantly reduced
during rapid-eye-movement (REM) sleep and enhanced during non-REM sleep (deep sleep and
light sleep). This result is independent of age, gender and physical condition, suggesting a fundamental physiological mechanism. Our results further suggest that there is an alternating influence of the brain upon the weak coupling between the heartbeat and the breathing oscillator,
a phenomenon which was up to now only observed in animal experiments [46, 59, 60]. During
REM sleep, when the activity of higher brain regions is largely increased, cardio-respiratory
coupling is perturbed and the phase of both rhythms can not be entrained. On the other hand,
during non-REM sleep when the brain is less active, phase synchronization can be effective.
In the next step we directly study the distribution of different synchronization ratios, n : m
where n is the number of heartbeats synchronized with m breathing cycles (see Section 5.2.3).
Based on the quotient of the synchronization ratio histogram with the distribution of frequency
ratios between heartbeat and breathing (independent of synchronization) we prove that n : 1
synchronization is more effective than synchronization ratios of order n : 2 and n : 3. Moreover,
a detailed comparison with surrogate data constructed by random combination of heartbeat
and breathing signals from different subjects, reveals that the occurrence of n : 2 and n : 3 may
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be more accidental. This observation can be explained by an asymmetry in cardio-respiratory
coupling when the breathing oscillator is driving the heartbeat oscillator and not vice versa
(see also [65] for a more mathematical approach to determine this directionality).
The influence of the brain upon other physiological systems was studied directly by a newly
developed cross correlation method in which links for interrelated signals of very different origin
can be established (see Section 5.2.4). In this manner, so-called physiological networks are
constructed from polysomnographic data collected during different sleep stages. Preliminary
results of this approach show that for example in deep sleep (DS), the brain is less “connected”
to other physiological systems (e.g. to the cardio-respiratory system, to the muscular system,
to blood pressure, and to eye movements). On the other hand, during REM sleep we find high
connectivity [11]. This finding supports our and former assumptions that the brain influences
the heartbeat [16] and the breathing oscillator [68] as well as cardio-respiratory coupling [6]
during REM but not during non-REM sleep.
Another interesting finding is that specific synchronization patterns in cardio-respiratory
synchronization and, in particular, the efficiency of cardio-respiratory synchronization changes
with age [7]. However, the medical relevance of cardio-respiratory synchronization is not well
understood yet. This might be due to the absence of long-term breathing recordings of subjects
performing regular daily activities. In another project we therefore study the ability of several
methods in reconstructing breathing data from long-term ECGs. The outcome of this work is
used to analyze cardio-respiratory synchronization based on 24 hours ECGs from more than
1000 patients after myocardial infarction. Preliminary results suggest that an increased level
of synchronization might have an adverse effect in surviving a period of five years after the
cardiac incident [25].
In summary, the main contributions of this Ph.D.-project are:
1. The definition of time series characterizing morphological changes of gait force profiles
whose different fluctuation patterns provide discrimination between patients with Parkinson’s disease in different stages, and hence may be useful to detect early changes from
physiology to pathophysiology and study effects of treatment.
2. The development of a synchronization algorithm which quantifies bilateral coordination
during walking. Using this algorithm we show for the first time that (i) parkinsonian gait
15

is less synchronized than normal gait, and (ii) the freezing-of-gait phenomenon seems to
be due to lack of synchronization.
3. The development of a method which automatically detects cardio-respiratory synchronization and quantifies cardio-respiratory synchrograms. With this method we were able
to discover a new physiological phenomenon, namely that cardio-respiratory coupling is
significantly effected by different sleep stages. This finding is an important contribution
to the ongoing discussion about alternating influences of the brain on other physiological
systems during sleep, which was so far only observed in animal experiments.
4. The definition of cardio-respiratory efficiency which provides an elegant and simple way
to argue about coupling directions in the cardio-respiratory system.
5. The development of a new cross correlation algorithm which enables the study of interrelations between physiological signals of very different origin. Based on this algorithm,
physiological networks have been constructed which confirm the assumption of an alternating influence of the brain upon physiological systems during sleep. We strongly
believe that this physiological network approach will open a new field of physiological
data analysis.
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5

Methodology

In this section I present the statistical physics concepts and methods which were used during my
research. The first part describes methods for the quantification of long-term (auto) correlations
and multifractality. The subject of the second part are interrelations between signals which we
studied by newly developed methods of phase synchronization and cross-correlation analysis.
If not otherwise stated, we consider in the following paragraphs time series X and Z, consisting
of values xi and zi (i = 1, . . . , N) measured in equidistant time intervals.

5.1

Quantifying Long-Term Correlations and Multifractality

The standard approach to quantify correlations within a time series X is calculating the autocovariance or the autocorrelation function
N
−s
X
1
C (s) =
(xi − hxi)(xi+s − hxi)
(N − s) i=1
V

C(s) = C V (s)/C V (0)

(autocovariance function)

(autocorrelation function),

(1)
(2)

where hxi is the mean of X , and s is the time lag between two elements in X .
In case that C(s) decays slowly for large s, such as
C(s) ∼ s−γ

with 0 < γ < 1,

(3)

the characteristic correlation time,
s× =

Z

∞

C(s)ds,

(4)

0

diverges and therefore this correlation behavior is called to be of long term. On the other hand,
if the integral in Eq. (4) converges, e.g. for C(s) ∼ exp (−s/s× ) or C(s) ∼ s−γ with γ > 1, and
s× > 0, the data in X are short-term correlated.
Quite often, however, C(s) is hard to determine, in particular in the case of long-term
correlations: for large time lags s, C(s) greatly fluctuates around zero and an accurate scaling
behavior can not be found. Furthermore a direct calculation of C(s) can lead to a spurious
detection of long-term correlations in uncorrelated data with trends [17]. Instead of calculating
the autocorrelation function directly, several other methods were suggested that determine the
correlation exponent γ indirectly.
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5.1.1

Hurst’s Rescaled Range (R/S) Analysis

One of the first methods for quantifying long-term correlations was developed by Hurst [21, 30–
32] when studying of how high the Aswan dam in Egypt had to be build in order to handle
the greatly varying levels of the Nile within a given time window of observation, s. Taken
retrospective records of water levels, X , Hurst assumed a uniform outflow of the dam given
P
by the mean of the varying inflow, hxi(s) = (1/s) si=1 xi . The change of water volume in

the dam within the time window s is given by the summed difference of inflow and outflow,
Pm
(s)
(s)
(s)
(s)
Y (s) (m) =
(m) in s
i=1 (xi − hxi ). Hence, the range R(s) = Ymax (m) − Ymin (m) of Y

determines how high the dam should be built that it neither overflows nor dries out. The
p
P
ratio R/S where S is the standard deviation in s, S(s) := σ (s) = (1/s) si=1 (xi − hxi(s) )2 ,

is a dimensionless quantity that showed, much to surprise of contemporary statisticians, a
power-law scaling relationship with the length of observation, s:
(R/S)s ∼ sH .

(5)

Later, Mandelbrot named this scaling exponent after Hurst and gave it the letter H. The
relation between the Hurst exponent H and the correlation exponent γ is given by
H ≃1−

γ
2

(6)

(see Section 5.1.3).
5.1.2

Power Spectrum Analysis

While Hurst’s R/S analysis studies data and its long-term correlations in the time domain, this
section focuses on the description of long-term correlations in the frequency domain.
The transformation between time and frequency domain of a function g(t) is done by the
Fourier transform and the inverse Fourier transform, respectively [63]:
Z +∞
G(f ) =
g(t) exp (−2πıf t)dt
(Fourier transform)
−∞
Z +∞
g(t) =
G(f ) exp (2πıf t)df
(inverse Fourier transform).

(7)
(8)

−∞

The complex function G(f ) defines the frequency spectrum
G(f ) = |G(f )| exp (ıϕ(f ))
18

(9)

with
|G(f )| =

p
ℜ(G(f ))2 + ℑ(G(f ))2

))
ϕ(f ) = arctan ℑ(G(f
ℜ(G(f ))

amplitude spectrum and

(10)

phase spectrum.

(11)

In the following we will focus on two important applications of the Fourier transform, namely
the power-spectral density, or power spectrum, of g(t),
Pg (f ) := |G(f )|2, and

(12)

h(t) ∗ g(t) ←→ H(f )G(f ).

(13)

the convolution theorem

One calculates the convolution of two functions h(t) and g(t) according to
Z +∞
(h ∗ g)(s) :=
h(θ)g(s − θ)dθ,

(14)

−∞

where s is a time shift.
To study cross-correlations between h(t) and g(t) one defines the cross-covariance function
Z k
1
V;h,g
C× (s) := lim
h(θ)g(s + θ)dθ,
(15)
k→+∞ 2k −k
which, by help of Eqs. (13) and (14), can be written as
C×V;h,g (s) ←→ H(−f )G(f )

(16)

(h(t) and g(t) are assumed to be real functions).
In case of autocorrelations, when h(t) ≡ g(t) one finds the Wiener-Khinchin-theorem [24],
C V;h (s) ←→ |H(f )|2,

(17)

C V;h (s) ←→ Ph (f ).

(18)

and with Eq. (12)

Assuming stationarity, i.e. all moments of h(t) are constant over time, the power spectrum is
given by the Fourier transform of the autocovariance (or autocorrelation) function.
In case of long-term correlations, when C(s) ∼ s−γ , it follows directly from Eq. (18) [14]
that the power spectrum decays as
Ph (f ) ∼ f γ−1 .
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(19)

Defining β as scaling exponent of the power spectrum, i.e. P (f ) ∼ f β , one finds from Eq. (19) [28]
that
β = 1 − γ.

(20)

Equation (20) relates the spectral exponent β with the correlation exponent γ and leads to two
important applications:
(i) Since the Fast Fourier Transform (FFT) provides a fast way to calculate the power
spectrum, correlations can be determined in this way rather than computing the autocorrelation function directly.
(ii) With help of Eq. (19), one can generate long-term correlated random noise by multiplying
the frequency spectrum of a Gaussian distributed uncorrelated time series with f −β/2 . The
resulting power spectrum will thus decay with β and after an inverse Fourier transform
long-term correlated data are available. This procedure, called Fourier Filter Method
(FFM), was further improved by Makse et al. [47] to avoid the singularity of C(s) at
s = 0. Furthermore it is also possible to generate long-term correlated data which do not
have a Gaussian distribution [20, 73, 74].
5.1.3

Detrended Fluctuation Analysis (DFA)

A drawback of the above-mentioned methods is the spurious detection of correlations in data
with trends [40, 56]. Here, trends are understood as systematic, not random, changes of the
series’ mean. A method which is able to quantify correlations in such data, especially when the
underlying trends have a polynomial form, is Detrended Fluctuation Analysis (DFA) [56].
Pn
According to this method, one first derives the “profile” X(n) =
i=1 (xi − hxi) of the

series X , which can be considered as the position of a random walker on a linear chain after n
steps. The profile is then divided into Ns ≡ int(N/s) non-overlapping segments of equal length
(p)

s and a polynomial trend yν (i) of order p is subtracted from the profile in each segment ν
(“detrending”). The variance F 2 (ν, s) on scale s in segment ν is now given by
F 2 (ν, s) =

1
s

νs
X

[X̃(i)]2 ,

(21)

i=(ν−1)s

where
X̃(i) = X(i) − yν(p) (i)
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(22)

is the detrended profile function. The order of the polynomial can be varied to eliminate linear
(p = 1), quadratic (p = 2) or higher order trends of the profile function. Conventionally, the
DFA is named after the order of the fitting polynomial (DFA1, DFA2, ...) [16, 17, 40]. An
average over all 2Ns segments1 of size s yields the fluctuation function
(
) 12
2Ns
X
1
F (s) =
.
[F 2 (ν, s)]
2Ns ν=1

(23)

The fluctuation function corresponds to the trend-eliminated root-mean-square displacement
of the random walker mentioned above and is related to the autocorrelation function by an
integral expression [40, 56, 78]. Hence, from the scaling behavior of F 2 (s) for increasing s one
can draw conclusions about C(s) and therefore about the type of correlations in X :
• In case of short-term correlations for which the data become uncorrelated above the
correlation time s× (see above),
F 2 (s) ∼ s

(for s > s× ).

(24)

This behavior of the mean-square fluctuations corresponds to the linear time law observed
in regular diffusion, i.e. Fick’s law.
• If long-term correlations are present in X (Eq. (3)), then
F 2 (s) ∼ s2α

with α = 1 −

γ
2

(0 < γ < 1) [21, 40, 56, 78],

(25)

which corresponds to superdiffusion, if α > 0.5, or subdiffusion, if α < 0.5.
Summarizing, a value of α = 0.5 indicates that there are no (or only short-term) correlations
in the data. If α > 0.5 the data in the series are long-term correlated and the higher α is,
the stronger are the correlations in the signal. The case α < 0.5 corresponds to long-term
anticorrelations, meaning that large values are most likely to be followed by small values (see
e.g. [5] for a detailed discussion). Note that DFA1 is comparable with Hurst’s R/S-Analysis
since both eliminate constant trends, namely means, in the original data series X , and hence
it is expected that H ≈ α for monofractal records [41, 69] (see also Section 5.1.5).
There are several other modifications and extensions of DFA which mostly focus on the
elimination of different kinds of trends in data. For an overview and discussion see [10].
1

In order not to disregard parts of the series at the end, it was suggested [40] to calculate F 2 (ν, s) also by

starting from the other end of the record.
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5.1.4

Wavelet Analysis

Wavelet analysis is usually used to detect periodicities in nonstationary signals [2, 13]. Furthermore it is the basis for the Wavelet Transform Modulus Maxima method to quantify multifractal
properties in time series (see Section 5.1.5) and it provides a way to define the instantaneous
phase of a signal (see Section 5.2.2).
The method of wavelet analysis is based on the continuous wavelet transform,


Z +∞
t−b
∗
W(g(t)) = ω(a)
g(t)ψ
dt,
a
−∞

(26)

which is the convolution of a function g(t) with a (complex) wavelet function ψ ∗ (t) [13, 19].
The analyzing wavelet ψ ∗ has a width of order a (“frequency (or scale) parameter”) and is
centered around b (“translation parameter”). The weighting function ω(a) is usually chosen as
ω(a) = a−1/2 . The difference between the wavelet transform and the Fourier transform is that
g(t) is convolved with a wavelet function instead of exp (−2πıf t), and since the wavelet can
be adapted in scale and shifted in time, the wavelet transform provides additional information
about local properties of g(t).
In case of a time series, which is always a discrete signal X , we discretize Eq. (26) and
determine wavelet coefficients by [2]
W (j, k) = 2

−j/2

N
X

xi ψ(2−j i − k)

(27)

i=1

where N is the length of the time series and ψ is real2 . The wavelets ψ are typically chosen
to be orthogonal to polynomials of order p to remove trends within the data and hence, the
wavelet coefficients are comparable with the detrended profile function in Eq. (22). In analogy
to DFA, long-term correlations can therefore be found by studying the variance of the wavelet
coefficients versus scale s. Taking the wavelet coefficient variance
2
σwav
(j)

N
s −1
X
1
=
(W (j, k) − hW (j, k)i)2
Ns − 1 k=0

(28)

(Ns ≡ int(N/s) with s = 2j ) and assuming that the wavelet coefficient mean vanishes, i.e.
2

The discretization in a logarithmic scale to basis 2, i.e. a = 2j and b = 2j k, is often used in practice since it

allows calculation of the wavelet transform by numerically very efficient algorithms. However, for the WTMM
method (see below), a linear scale is commonly used.
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hW (j, k)i = 0, it follows from Eq. (28) that
2
σwav
(s) ∼ s

X

|W (s, k)|2.

(29)

k

The wavelet coefficient variance often scales with s by
2
σwav
(s) ∼ sδ+1 ,

(30)

2
and because of the similarity between F 2 (s) (Section 5.1.3) and σwav
(s) we expect

δ ≃ 2α − 1

(31)

(see also Section 5.1.5).
5.1.5

Multifractal Analysis

Quite often the correlation behavior of real world time series is rather complex and can not
be characterized by a single scaling exponent α or δ. Instead, different scaling exponents are
found for large or small fluctuations in different time windows (“multi-scaling”) and therefore,
in analogy to fractal mathematics, such signals are termed multifractals. The following two
novel methods were used to study multifractal properties of time series.
a) Multifractal Detrended Fluctuation Analysis (MF-DFA)
The MF-DFA is a generalization of the DFA method introduced above [42]. Instead of
taking the square root in Eq. (23), for MF-DFA we calculate the qth order fluctuation
function,
Fq (s) =

(

2N
1 Xs 2
[F (ν, s)]q/2
2Ns ν=1

) 1q

,

(32)

which increases, for large values of s, as a power law,
Fq (s) ∼ sα(q) .

(33)

The scaling exponent α(q) is called the generalized fluctuation exponent. Note that
α(q = 1) is equivalent to the Hurst exponent found by means of Hurst’s R/S analysis
(Section 5.1.1) and that MF-DFA is identical to standard DFA (Section 5.1.3) in case of
q = 2. The generalized fluctuation exponent, α(q), describes the scaling behavior of Fq (s)
for segments with small fluctuations, if q < 0, and for segments with large fluctuations,
if q > 0. If a time series is monofractal, in which the scaling behavior of the variances
F 2 (ν, s) is identical for all segments ν, α(q) will be independent of q.
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b) Wavelet Transform Modulus Maxima (WTMM)
The WTMM method is based on the continuous wavelet transform (see Eq. (26)) and
wavelet coefficients are calculated by
−

W (a, b) = a

1
2

N
X
i=1

xi ψ



i−b
a



.

(34)

According to the modulus maxima procedure [48], we sum up the qth power of all local
maxima of W (a, b) on scale a and determine the partition function
Z(q, a) =

N/a
X

|Wmax (a, b)|q .

(35)

b=1

In order to keep the dependence of Z(q, a) on a monotonous, an additional supremum
operation has to be applied [53] and often a scaling behavior is observed for Z(q, a) with
a,
Z(q, a) ∼ aτ (q) .

(36)

Note that for q = 2, the exponent τ is similar to the exponent δ, introduced in Section 5.1.4.
The scaling exponents τ (q) characterize the multifractal properties of the series. If τ (q)
versus q shows a linear behavior, the time series is monofractal, if τ (q) is bent, the signal
is a multifractal. The strength of multifractality is commonly measured by the width of
the multifractal spectrum which can be calculated by a Legendre transform of τ (q) (see
e.g. [53]).
The relation between τ (q) and the generalized fluctuation exponent, α(q), calculated by
MF-DFA was derived in [42] and is given by
τ (q) = qα(q) − 1.

5.2

(37)

Quantifying Interrelations Between Two Signals

Section 5.1 introduced methods and algorithms which were developed to investigate scaling and
multi-scaling properties of single physiological signals. In order to measure the interdependence
between physiological signals other methods have to be applied. Two of the most common of
such measures are based on phase synchronization and cross-correlation analysis. While phase
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synchronization analysis was developed to study nonlinear interrelations between (quasi-) periodic signals, cross-correlation analysis is a linear measure and should be applied to investigate
correlations in the signals’ noise. However, a theoretical framework necessary to understand the
relation between both methods and to state about their particular benefits/drawbacks requires
a systematic research on different types of coupling which is still missing (see [64, 67, 70] for
further discussions and comparative studies of both methods on real data).
In the following we give the common definitions for phase synchronization and cross-correlation
and present established and newly developed methods for phase synchronization analysis and
cross-correlation analysis.
5.2.1

Definition of Phase Synchronization

The phase dynamics of two weakly coupled oscillators with natural frequencies ω1 and ω2 can
be written as
dφ1
= ω1 + εg1(φ1 , φ2)
dt
dφ2
= ω2 + εg2(φ2 , φ1)
dt

oscillator 1 and

(38)

oscillator 2,

(39)

where g1,2 are 2π periodic coupling terms, and ε is the coupling strength. In general, both
oscillators are synchronized, if the difference of their phases is constant, i.e. [67]
|nφ1 − mφ2 | = const

“phase locking”.

(40)

The integer prefactors n and m are chosen according to the ratio of the natural frequencies of
oscillator 1 and 2,
ω2
n
= .
ω1
m

(41)

In case of periodic oscillators, Eq. (40) is equivalent to
nφ̇1 = mφ̇2

“frequency locking”.

(42)

However, since real oscillators are affected by irregularities and noise, for practical purposes,
Eq. (42) only holds approximately,
nφ̇1 ≈ mφ̇2 ,

(43)

nΩ1 = mΩ2 ,

(44)

and can be written as
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d
where Ω1,2 = h dt
φ1,2 i are the mean frequencies of the coupled oscillators [71]. Because of the

time averaging, Eq. (44) can be fulfilled even when the oscillators are not coupled (especially
for identical oscillators with (nonidentical) weak noise). Therefore, synchronization has to be
understood as phase locking. By integrating Eq. (43) one finds
|nφ1 − mφ2 − ∆| < const,

(45)

where ∆ is some constant of integration symbolizing a phase shift around which the generalized
phase difference
ϕn,m = nφ1 − mφ2

(46)

is fluctuating. In case of noise, phase slips are often observed leading to an unbounded phase
difference (and violating condition (45)). Nevertheless, if phase locking in a statistical sense is
present in the data, a dominant peak in the distribution of the cyclic relative phase [67],
Ψn,m (t) = ϕn,m (t) mod 2π,

(47)

will be found. This definition of phase locking is particularly important when studying realworld data, and we will discuss its application in Section 5.2.3.
5.2.2

Calculating the Phase of a Signal

The phase of a stable periodic oscillation can be defined by
Z θ
φ(θ) = ω0
[ν(θ′ )]−1 dθ′ ,

(48)

0

where ν(θ) = dθ/dt is the angular velocity, and the angular frequency ω0 = 2π/T0 (T0 is the
R 2π
period of the oscillation) is given by 2π = ω0 0 [ν(θ′ )]−1 dθ′ . By means of equation (48) the

phase can be calculated for all periodic oscillations with corresponding ν(θ).

In practice, data are usually not strictly periodic and since ν(θ) is not known for every time
increment, other ways have to be found to estimate the instantaneous phase of a signal. If the
signal can be seen as output of a simple point process, as for instance in heartbeat data, the
phase is usually defined as a piece-wise linear function of time. Between two consecutive events
(e.g. heartbeats), the phase increases linearly by 2π and can be determined according to [67]
Φ(t) = 2π

t − tn
+ 2πn,
tn+1 − tn
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(49)

where tn ≤ t ≤ tn+1 and tn is the time of the n-th event.
In order to study synchronization in gait data and to take into account both, information about
the timing of heel-strikes [hs] and toe-offs [to] in either leg, we developed an algorithm which
directly calculates the phase difference between right and left leg:
∆Φm
k = 2π

tm,ri
− ths,le
k
k
hs,le
ths,le
k+1 − tk

,

(50)

where tm,ri
refers either to the heel-strike (mode m = hs) or the toe-off point (m = to) of the
k
right leg.
to
hs
to
The resulting phase differences typically form a time series ψ = (∆Φhs
1 , ∆Φ1 , . . . , ∆Φk , ∆φk , . . .)

with averages, h∆Φhs i =
6 h∆Φto i. For the sake of a uniform analysis of ∆Φhs and ∆Φto , we calcuto
hs
to
lated the time series of the normalized phase differences ψ̃ = (∆Φ̃hs
1 , ∆Φ̃1 , . . . , ∆Φ̃k , ∆Φ̃k , . . .)
hs
hs
to
to
to
hs
to
with ∆Φ̃hs
k = ∆Φk −1/2(h∆Φ i−h∆Φ i) and ∆Φ̃k = ∆Φk +1/2(h∆Φ i−h∆Φ i). The time

series of normalized phase differences can now be directly evaluated by phase synchronization
analysis (see Section 5.2.3).
Most physiological signals are very noisy or even chaotic. One approach for such signals
is to extract the phase by the analytic signal concept introduced by Gabor [22]. This general
method transforms a signal g(t) into a complex process ζ(t) with an instantaneous amplitude
A(t) and phase φ(t),
ζ(t) = g(t) + ıgH (t) = A(t) exp (ıφ(t)).
The signal gH (t) in Eq. (51) is the Hilbert transform (HT) of g(t), which is defined by
Z +∞
1
g(τ )
dτ
H(g(t)) ≡ gH (t) = P.V.
π
−∞ t − τ

(51)

(52)

and P.V. means that the integral is calculated according to the Cauchy principal value to handle
the singularity at τ = t [14, 67, 69]. By Eq. (51) each time t is related to an instantaneous phase
value φ(t). The phase series can then be extracted from the relation
tan(φ(t)) =

gH (t)
.
g(t)

(53)

The Hilbert transform in Eq. (52) is equivalent to a convolution of 1/(πt) with g(t) (see
Eq. (14)), and according to the convolution theorem, Eq. (13), Eq. (52) can be written as
1
∗ g(t) ←→ −ı sgn(f )G(f ),
πt
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(54)

since the Fourier transform of 1/(πt) is −ı sgn(f ). Thus, for physically relevant frequencies
f > 0, G(f ), the Fourier transform of g(t), has to be multiplied by
−ı = exp (−ıπ/2).

(55)

The computing algorithm to calculate the Hilbert transform would be the following: (i) perform
the FFT of the original signal g(t), (ii) shift the phases of G(f ) by −π/2 for every frequency
component by swapping the imaginary and the real parts, (iii) multiply the new imaginary part
by −1, and (iv) apply the inverse FFT on the modified function Gmod (f ).
A drawback of the Hilbert transform is that it assumes signals to be (quasi-) sinusoidal.
To calculate, for instance, the instantaneous phase of force profiles in human gait, the wavelet
transform is preferable. Following Eq. (26), the wavelet coefficients at a particular scale a can
be calculated by
Wa (t) = g(t) ∗ ψ ∗ (t),

(56)

where ψ ∗ (t) is a complex wavelet which has to be chosen according to the typical form of the
signal. Similar as in the analytic signal approach (Eq. (51)), the instantaneous phase φW (t) of
g(t) can be calculated from [45]
Wa (t) = AW (t) exp (ıφW (t))

(57)

(AW (t) is the instantaneous amplitude of g(t)).
5.2.3

Phase Synchronization Analysis (PSA)

After the phases of two signals were calculated, several measures exist to quantify phase synchronization between both signals. We will focus on three of the most important measures,
suggested for example in [67].
a) Synchronization index based on Shannon entropy
For this measure the cyclic relative phase has to be calculated by help of Eq. (47). The
distribution of the differences series Ψn,m (t) in a histogram of M bins (with bin width
2π/M) is then evaluated. Taking pl as the probability of the l-th bin of the histogram
being occupied, the Shannon entropy is defined as
S=−

M
X
l=1
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(pl ln pl ).

(58)

Obviously, if we find a uniform distribution of Ψn,m (t), meaning pl = 1/M, the Shannon
entropy will be maximal and one gets
S = −M

1
1
ln
= ln M =: Smax .
M M

(59)

In this case there is no phase synchronization between the two signals. On the other
hand, a perfect phase synchronization would lead to a single peak (with p = 1) in the
histogram and S = 0. Hence, a suitable index to quantify phase synchronization is
ρn,m =

Smax − S
,
Smax

(60)

which results in ρn,m ≈ 0 in case of independence between both signals, and ρn,m ≈
1 for a narrow distribution of Ψn,m (t) (small entropy) corresponding to strong phase
synchronization.
A drawback of this method is that ρn,m is not parameter free but depends on the number
of bins in the histogram. One way of defining the optimal number of bins is suggested
in [54].
b) Synchronization index based on the distribution on the unit circle
The cyclic relative phase, Ψn,m (t), can be seen as an angle describing the position of a point
on the unit circle in the complex plane. The abscissa (real part) is given by cos Ψn,m (t),
the ordinate (imaginary part) by sin Ψn,m (t). If Ψn,m (t) is uniformly distributed on the
unit circle, the mean of real and imaginary part will be zero in each case. On the other
hand, if Ψn,m (t) accumulates around one value, the “center of mass” [69] will be shifted
from the origin. Hence, the index
2
γn,m
= hcos Ψn,m (t)i2 + hsin Ψn,m (t)i2

(61)

is defined to measure phase synchronization and γ = 0 corresponds to no phase synchronization whereas γ ≈ 1, if Ψn,m(t) is centered around one value. The advantage of γ is
that it is parameter free, i.e., no parameter, as for example the number of bins in the
histogram, has to be chosen. A drawback of this measure could be if Ψn,m (t) accumulates
around two values at opposite angles, for example 0 and π. In this case the center of mass
will be not very different from the origin although strong phase synchronization may be
present. In order to reliably detect phase synchronization, it is helpful to calculate both
indices, ρn,m and γn,m.
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c) Synchrogram
In the synchrogram, which is a stroboscopic technique, we observe the phase of the slower
oscillator, φs mod 2π, at the instants of time, ti , when the phase of the faster oscillator,
φf mod 2π, attains a certain fixed value θ, φs (ti ) mod 2π = θ. Plotting
ψ(ti ) = φs (ti ) mod 2π

(62)

versus ti would exhibit n horizontal lines (or bands) in case of n:1 synchronization, meaning that all phase values φf (tj ) mod 2π = θ (with j = i + kn, where k ∈ N and i is fixed)
are found at the same phase φs . In general, to detect n : m synchronization, the phase of
the slower oscillator is wrapped to the interval [0, 2mπ] and Eq. (62) is re-written
ψm (ti ) = φs (ti ) mod 2mπ.

(63)

The advantage of the synchrogram is that, in contrast to the cyclic relative phase (Eq. (47))
only one integer, m, has to be chosen by trial.
A prominent application of the synchrogram method is studying phase synchronization in
the cardio-respiratory system [71, 72]. However, so far synchrograms could only be evaluated by visual inspection, which is not suitable to analyze synchronization between long
signals. In order to detect cardio-respiratory synchronization automatically in long data,
we developed a new method [6] which is based on the following steps (see also Fig. 1):
1. Starting with a synchrogram determined by Eq. (63) [Fig. 1(a)], for each synchronization ratio n : m we replace the n phase points in ψm (ti ) in each m respiratory
cycles by the averages hψm (ti )i calculated over the corresponding phase points in
time windows from ti − τ /2 to ti + τ /2 [Fig. 1(b)].
2. The algorithm deletes all phase points hψm (ti )i where the mean standard deviation
of the n points in each m breathing cycles, hσin , is larger than 2mπ/nλ.
3. Only those phase points hψm (ti )i in not interrupted episodes are kept, which exceed
a minimal duration of T seconds [Fig. 1(c)].
The parameters τ = T = 30 s and λ = 5 were found by optimization and surrogate data
analysis, where heartbeat and breathing signals from different subjects were randomly
combined [6].
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Figure 1: Illustration of our automated phase synchronization detector: (a) section of a typical
synchrogram in raw form, (b) same section as in (a) after applying a moving average filter with
windows τ = 30 s around each breathing cycle; the window averages are shown together with
their standard deviations (error bars), (c) contiguous phase points of (b) where the standard
deviation is below a certain threshold (see text) are detected as synchronization episodes if
their duration exceed T = 30 s.
5.2.4

Modified Cross-Correlation Analysis

The cross-correlation function between two time series X and Z is defined by (cf. Eqs. (2) and
(15))
N −s
1 X (xi − hxi) (zi+s − hzi)
C× (s) =
,
N − s i=1
σx σz

(64)

where hxi, hzi are the means and σx , σz are the standard deviations of X and Z, respectively.
In order to study the strength of interrelations between different signals one could simply
compare the maximum values of C× (s) between their pairs. However, as shown in [62], the
maximum value of the cross-correlation function strongly depends on the autocorrelations in
the signals X and Z. In particular, if the autocorrelations are stronger, the cross-correlation
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is also stronger. Hence, to avoid the spurious detection of interrelations in signals of different
origin, we developed a new kind of cross-correlation analysis which is based on four steps:
1. We first divide the signals into M overlapping segments of equal length L.
2. The cross-correlation function C× (s), Eq. (64), is calculated in each segment and a crosscorrelation time delay is defined by the value of s where C× (s) is maximal:
δ = max |C× (s)| .
s

(65)

(To account for the directionality in coupling we further distinguish between positive and
negative time delays and treat them differently.)
3. In order to distinguish between real and randomly occurring peaks in C× (s), we only take
into account segments where δ was stable, i.e. did not change in k out of l consecutive
segments by more than ±∆, and defined the signals as linked.
4. A new binary time series was created describing the interrelation between both signals
in each segment, either as linked (“1”), or not linked (“0”). Subsequent averaging of
these time series determines the probability two signals were linked independent of their
autocorrelations.
The parameters k, l and ∆ have to be found again by optimization and surrogate data analysis.
In our study [11] we set k = 5, l = 10 and ∆ = 1 s.
This modified cross-correlation analysis provides the basis for investigating physiological networks constructed from data of very different origin by systematically excluding their autocorrelation properties.
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